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Defect groups play a key role in the block theory of modular represen-
tations of finite groups and are the most important object which connects
group theoretical properties and representation theoretical properties. It is
well known that the problem—to decide when a given p-subgroup D is a
defect group of some p-block of a finite group G—is of great importance
in the modular representation theory of finite groups. This problem was
posed as Problem 19 in [1] by Brauer and as Problem 5 in [3] by Feit. In
1983 Robinson [9] obtained a precise formula for the number of p-blocks
of G with a given defect group D: However, it is by no means easy to cal-
culate the number according to this formula. So for a concrete p-subgroup
D; enumerating p-blocks of G with D as a defect group is still an important
task. When D is a Sylow p-subgroup or a maximal subgroup of some Sylow
p-subgroup, the condition for the existence of p-blocks of G with D as a de-
fect group has been obtained (see [3, IV 4.17] and [11, Theorems 3 and A]).
In the present paper we still study the problem, and we consider the case
of D being a submaximal subgroup of a Sylow p-subgroup (i.e., the case of
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G:Dp D p2). As a first step we further restrict ourselves to the problem in
the following case: G is of order p2q and D D 1; where p is a prime and
p; q D 1: For this case we determine completely all the finite groups G
of order p2q which have p-blocks of defect 0 (i.e., with defect group 1).
We solve the problem by dealing with its various cases. For an arbitrary
prime p and an arbitrary finite group G of order p2q with p; q D 1;
according to the parity of p; the solvability of G; and the chief factors of
G; p and G satisfy at least one of the following cases:
(I) G is p-solvable;
(II) p D 2 and G is not solvable (i.e., G is not 2-solvable);
(III) p is odd and G has a unique non-p0-chief factor A, where A is
a nonabelian simple group with Ap D p2y
(IV) p is odd and G has a unique non-p0-chief factor A; where A is
a nonabelian characteristic simple group and A D B B; B being a simple
group with Bp D py
(V) p is odd and G has exactly two non-p0-chief factors A1
and A2; where both A1 and A2 are nonabelian simple groups and
A1p D A2p D py
(VI) p is odd and G has exactly two non-p0-chief factors A1 and
A2; where
A1 D A2p D p and A2 is a nonabelian simple group.
By a known result, we can easily give a characterization of G in case I
for which G has a p-block of defect 0. For p and G in cases II–V, we prove
that G must have a p-block of defect 0, and the proof is strongly dependent
on the classification theorem of finite simple groups. Case VI is the difficult
part of the problem. We first give a statement for the group structure, then
deduce a characterization of G in terms of conjugacy classes.
The structure of the present paper is as follows. Section 1 contains three
simple but frequently used lemmas and the solution to case I. The proof
of the existence of p-blocks of defect 0 in cases II–V is given in Section 2.
Section 3 is the solution to case VI.
Below we fix a complete modular system K;R;F where charK D 0;
charF D p; and K and F are splitting fields of G and all subgroups of G:
The so-called p-blocks are blocks of the group algebra FG: The notation
used in the paper is standard (see, e.g., [3] or [8]); some symbols will be
introduced in the context.
1. LEMMAS AND CASE I.
First, we give several lemmas which are often used below.
Lemma 1. A finite group G has a p-block of defect 0 if and only if there
is a  2 IrrG such that 1p D Gp:
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Lemma 2. Suppose H vG and G=H is a p0-group. Then G has a p-block
of defect 0 if and only if H has a p-block of defect 0.
Proof. By the Clifford theorem.
Lemma 3. Let 1 < G1 < G2 < G be a normal series of G with both G1
and G=G2 being p0-groups. Then G has a p-block of defect 0 provided G2=G1
has a p-block of defect 0.
Proof. By Lemma 2, G has a p-block of defect 0 if and only if G2
has a p-block of defect 0. Since any irreducible ordinary character  of
G2=G1 induces an irreducible ordinary character  of G2 which satisfies
xG1 D x for any x 2 G2; by Lemma 1, G2 has a p-block of defect 0
provided G2=G1 has a p-block of defect 0.
Theorem 1. Let G and p be as in case I. Then G has a p-block of defect
0 if and only if Op0 G contains conjugacy classes of G of defect 0.
Proof. Let Op0pG D Op0 GiP1; P1  P; and P 2 SylPg: By the
p-solvability of G; we have CGP1  Op0pG (see [4, Sect. 6.3.3]). Since
P D p2 and P is abelian, it follows that P  CGP1  Op0pG and
P D P1: So POp0 GvG; and the theorem follows from [3, X.6.3].
2. CASES II–V
Theorem 2. Let G and p be as in any one of cases II–V. Then G has a
p-block of defect 0.
Proof. First, suppose G and p are as in case II. Consider a chief series
0 of G: We have G2 D 4: If there are two chief factors of order of form
2k with odd k in 0; then all other chief factors in 0 are 20-groups. By the
Feit–Thompson theorem, all chief factors in 0 are solvable. It follows that
G is solvable, which contradicts the assumption of the theorem. So there
is only one chief factor A of order 4m with odd m in 0 and all other chief
factors are 20-groups. A is a characteristic simple group. If A is a direct
product of two isomorphic simple groups (of course, of order 2
p
m), then
both of them are solvable. Consequently, A and G are solvable, which also
contradicts the assumption of the theorem. So A is a nonabelian simple
group of order 4m and there is a normal series of G:
1  G1  G2  G;
where G1 and G=G2 are 20-groups and G2=G1 D A: By the classification
theorem on finite simple groups, either A D A5 or A is a simple group
of Lie type. But A5 D SL2; 4 is also a simple group of Lie type. From
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[16] or [7], we know that each simple group of Lie type has a p-block of
defect 0; by Lemma 3, G has a p-block of defect 0.
Now suppose G and p are as in case III. Then there is a normal series
of G:
1  G1  G2  G;
where G1 and G=G2 are p0-groups and A D G2=G1 is a nonabelian simple
group with Ap D p2: By the classification theorem on finite simple groups,
A and p must be one of the following cases:
(a) A is a simple group of Lie type. By [16] or [7] such A has a
p-block of defect 0.
(b) A is a sporadic simple group and
(b.1) A is isomorphic to one of M11, M22, M23; and Hs and p D
3; or
(b.2) A is isomorphic to one of J2, Suz, He, M22, M23; and
M240 and p D 5y or
(b.3) A is isomorphic to one of :1, F5; and F2 and p D 7y or
(b.4) A is isomorphic to F1 and p D 11:
By checking from [2], all of these groups have a p-block of defect 0 for
corresponding p:
(c) A is an alternating simple group An:
From Ap D p2 we have 2p  n  3p− 1: Since p is odd, by Lemma 2, An
has a p-block of defect 0 if and only if Sn has a p-block of defect 0, where
Sn is the symmetric group of n letters. It is well known that the set of all
irreducible ordinary characters  of Sn is one-to-one corresponding to the
set of all partitions  of n: Let  D 1; : : : ; s, 1 C    C s D n, 1 
2      s > 0; and  be the character corresponding to . According
to the relation between p and n; we divide the following six cases:
(c.1) 2p  n  3p− 3: Let  D p− 12; 1n−2pC2y
(c.2) n D 3p− 2 and p  7: Let  D p− 12; 23; 1p−6y
(c.3) n D 13 and p D 5y
(c.4) n D 7 and p D 3y
(c.5) n D 3p− 1 and p  5: Let  D p− 12; 23; 1p−5y
(c.6) n D 8 and p D 3:
Directly calculating 1 according to the formula for  (see [13, p. 213]),
we find that p2 |1 for (c.1), (c.2), and (c.5). In these cases, by Lem-
mas 1 and 2, Sn; and hence An; has a p-block of defect 0. By checking
from [2], An has a p-block of defect 0 for (c.3) and (c.4). By [16] or [7],
A8 D L42 has a 3-block of defect 0. Thus, by Lemma 3, G has a p-block
of defect 0.
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For G and p in case IV, there is a normal series of G as follows:
G  G2  G1;
where G1 and G=G2 are p0-groups and G2=G1 D B  B; B being a
simple group with Bp D p: By [14], B has a p-block of defect 0.
By Lemma 1, there exists a  2 IrrB such that 1p D p: Let
 D ⊗  2 IrrG2=G1: Then  1p D p2 D G2=G1p: So, by Lemmas
1 and 3, both G2=G1 and G have a p-block of defect 0.
Finally, suppose G and p are as in case V. There is a normal series of
G as follows:
G  G4  G3  G2  G1;
where G1, G3=G2 and G=G4 are p0-groups, G2=G1 D A1; and G4=G3 D
A2: Set G D G=G1 and G2 D G2=G1: G2 is a simple group, by the verified
Sherier conjecture (see [5, p. 29]), AutG2=InnG2 is solvable, and hence
G=G2CGG2 is solvable since G=G2CGG2 is isomorphic to a subgroup
of AutG2=InnG2: Consider the normal series of G:
G  G2CGG2  G2 D A1:
By the Jordan–Ho¨lder theorem, G has a chief factor isomorphic to A2;
which can only occur in G2CGG2  G2; so G=G2CGG2 is a p0-group.
By Lemma 3, we only need to prove that G2CGG2 has a p-block of
defect 0.
Since G2 is a nonabelian simple group, G2 \ CGG2 D ZG2 D 1;
so G2CGG2 D G2  CGG2 and CGG2 D G2CGG2=G2: Consider
a normal series of CGG2: There exists exactly one non-p0-chief factor,
which is isomorphic to A2; and all other chief factors are p0-groups. Con-
sequently, OpCGG2 D 1: And OpG2 D 1 by the simplicity of G2:
Thus, by [14], both CGG2 and G2 have a p-block of defect 0 since
CGG2p D G2p D p. Similar to the above proof to case IV, one de-
duces that G2 CGG2 has a p-block of defect 0. Hence, G has a p-block
of defect 0. The theorem is proved.
3. CASE VI
First, we give a statement for the group structure of G in case VI.
Lemma 4. Let p be an odd prime and G D p2q with p; q D 1.
Suppose G has a normal series
G  G4  G3  G2  G1;
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where G=G4;G3=G2; and G1 are p0-groups, G4=G3 D A is a nonabelian sim-
ple group, and Ap D G2=G1 D p: Then there exists a normal series of G:
G  L4  L3  L2;
such that G=L4 and L2 are p0-groups, L4=L3 D A, L3=L2 D p; and
L3=L2  ZL4=L2:
Proof. Set G D G=G1 and G2 D G2=G1: Consider the action of G on
G2 by conjugacy. One has that G=CGG2 is isomorphic to a subgroup of
AutG2: G=CGG2 is a p0-group since G2 D p and AutG2 D p− 1:
Consider the normal series of G:
G  CGG2  G2: (1)
By the Jordan–Ho¨lder theorem, any chief factor of G that does not belong
to G1 must belong to (1). Since p | A and A 6D p; the chief factor A of
G must be contained in CGG2: Let L4 and L3 be the normal subgroups
of G containing G1 and Li D Li=G; i D 3; 4; such that
G  CGG2  L4  L3  G2
is a normal series of G; L4=L3 D A; and CGG2=L4 and L3=G2
are p0-groups. G2 is the normal Sylow p-group of L3: By the Schur–
Zassenhaus theorem, there exists a p0-complement of G2 in L3; denoted
by L2 D L2=G1; where L2 is a subgroup of G containing G1: Since
L2  L3  CGG2 and L3 D L2  G2 D L2  G2; L2 is a characteristic
subgroup of L3 and hence is a normal subgroup of G: Consequently, L2 is
a normal subgroup of G: Thus, we get a normal series of G:
G  L4  L3  L2;
where G=L4 D G=L4 is a p0-group, L4=L3 D L4=L3 D A, and L3=L2 D
L3=L2 D G2 is of order p: From L3 D L2  G2; one deduces that
L3 D L2G2; and for each x 2 L3 there exists y 2 G2 such that xL2 D yL2
holds in L4=L2. For any z 2 L4, one has y−1z−1yz 2 G1 since L4 
CGG2: So y−1z−1yz 2 L2; x−1L2z−1L2xL2zL2 D y−1L2z−1L2yL2zL2 D
y−1z−1yzL2 D L2: Consequently, L3=L2 is in the center of L4=L2. The
lemma follows.
Theorem 3. Let G and p be as in case VI. Then G has a normal series
G  G4  G3;
where G=G4 is a p0-group and G4=G3 D G3p D p:
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Proof. Since G has a chief factor of order p and a nonabelian simple
group chief factor A with Ap D p; G must have either a normal series of
form G  G4  G3; where G=G4 is a p0-group and G4=G3 D G3p D p;
or a normal series of form G  G4  G3  G2  G1; where G4=G3 D A
and G2=G1 D p: The former is a desired normal series. Below we show
that in the latter case G also has a desired normal series. By Lemma 4,
there exists a normal series of G:
G  L4  L3  L2;
such that G=L4 and L2 are p0-groups, L4=L3 D A, L3=L2 D p; and
L3=L2  ZL4=L2: Set G D G=L2: Since L3 D p; either L40  L3 or
L40 \ L3 D 1:
If L40  L3; then there exists a central extension
1! L3 ! L4 ! A! 1;
and L3  L40: By [5, Prop. 4.227], L3 is a homomorphic image of the
Schur multiplier of the nonabelian simple group A: Since L3 is of order
p, checking all simple groups whose Schur multipliers are of order divided
by an odd prime p (see the table in [5, pp. 302–303]), one of the following
cases must occur:
(i) p D 3 and A is one of A19; A24; B33; E6q with 3 | q− 1;
G23; 2A33; 2A52; 2E6q with 3 | q C 1; 2E62; A6; A7; M22;
J3;Mc; M22; Suz; M240; and ON;
(ii) p | l C 1; q− 1 and A D Alqy
(iii) p | l C 1; qC 1 and A D 2Alq:
By directly checking the orders of the simple groups (see the table in
[5, pp. 135–136]), we find that if A is as in case (i) then p2
 Ap: For
case (ii), l  2 since l C 1  p  3: If l  3 then
Alq D qllC1=2l C 1; q− 1 lY
iD1
qiC1 − 1
D q
llC1=2
l C 1; q− 1q
2 − 1q3 − 1q4 − 1   
is divided by p2y while if l D 2 then p D 3 and 3 | q− 1; andA2q D q33 q2 − 1q3 − 1
D q3qC 1q− 1
3
q− 1  q− 12 C 3q− 1 C 3
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is divided by 9. The same conclusion holds for case (iii). So whichever
case A is in, we always have p2
 Ap; which contradicts Ap D p: So
L40 \ L3 D 1:
From L3  ZL4; one deduces that L40L3 D L40  L3 is a nor-
mal subgroup of L4: From the simplicity of L4=L3 and L40L3=L3 
L4=L30 D A0 6D 1; one has L40  L3 D L4: So L40 D L4=L3 D A: Put
M=L2 D L40: Then M is a normal subgroup of G since M=L2 is a char-
acteristic subgroup of L4 and hence is a normal subgroup of G: Thus, we
get a normal series of G x
G  L4 M  L2;
where G=L4 and L2 are p0-groups, M=L2 D A; and L4=M D L4=L40 D L3
is of order p: The normal series G  L4  M is a desired normal series.
The theorem is proved.
To state and prove Theorem 4, we introduce the following notation. Let
 be an element of a group eG; and H a subgroup of eG on which  can
act by conjugacy. Then  can act on the set IrrH of irreducible ordinary
characters of H: Let B be a p-block of H; and put
FixB—the number of all irreducible characters in B fixed under the
action of  by conjugacy;
FixIrrH—the number of irreducible ordinary characters of H fixed
by ;
FixClH—the number of conjugacy classes of H fixed by ;
mH—the number of conjugacy classes of H which are not fixed by
, i.e., mH D ClH − FixClH:
Lemma 5. Let P be a Sylow p-subgroup of G, P D p be an odd prime,
and N D NGP: Let eG D hG; where  is an element of order p:
Then  can act on G, N , FG; and FN by conjugacy. Suppose B and eB are
p-blocks of G and N with defect groups P , respectively, and eBG D B:
(a) Consider the action of  on the block algebras of FG and FN:
Then B D B if and only if eB D eB.
(b) If B D B; then FixB D IrrB D FixeB D IrreB; otherwise,
FixB D FixeB D 0:
Proof. Note that P is a Sylow p-subgroup of eG of order p2 and
is abelian, so P D P; N D NGP D NGP D NGP D N: So the
group  can act on the sets of block algebras of FG and FN .
From CGP D CGP D CGP and x 2 CGP if and only if
x 2 CGP; one deduces that Brpx D Brpx for any x 2 G:
Let eB and eeB be the block idempotent elements of B and eB; re-
spectively. Then eB and e
eB are the block idempotent elements of B
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and eB; respectively. If eB D eB; then BrpeB D BrpeB D eeB and
eBG D B; so B D eBG D eBG D B: Conversely, if B D B; then
eBG D eBG D B D B D eBG: Thus, eB D eB by the first main theorem
of the block theory. The first conclusion of the lemma is deduced.
By the theory of p-block of defect 1 (see [3, VII]), there exists an integer
t such that t |p− 1 and
IrrB D 1; : : : ; t; 1; : : : ; e}; IrreB D 1; : : : ; t; 1; : : : ; e};
where e D p− 1=t; 1; : : : ; t , 1; : : : ; t are rational characters, and
1; : : : ; e, 1; : : : ; e are exceptional characters.
Now suppose B D B and eB D eB: Then the group  can act on IrrB
and IrreB by conjugacy. Since IrrB D t C p− 1=t  p and each orbit
of IrrB and IrreB under the action of  is either of length 1 or of length
divided by p, it follows that either each element of IrrB is fixed by  or
there exists exactly one orbit in IrrB. In the latter case, t D 1; e D p− 1;
and 11 D 11 D 21 D    D p−11. By [3, VII 2.15(iii)], there exist
integers d0; d1; : : : ; dp−1; such that di D 1 or −1 for each i D 0; 1; : : : ; p−
1; and d011 C
Pp−1
iD1 dii1 D 0: Consequently,
Pp−1
iD0 di D 0, which is
impossible for an odd prime p. So every character of IrrB is fixed by :
The same conclusion holds for IrreB: The lemma is proved.
Lemma 6. Let G, P , ; and eG be as in Lemma 5. Then eG has a p-block
of defect 0 if and only if G has a p-block of defect 0 which is not fixed by :
Proof. Let  2IrreG: By the Clifford theorem, there exists a ’ 2IrrG
such that


G
D e X
x2eG=T’
’x; (2)
where T’ is the inertial group of ’: From eG:G D p and [6, Sect. 6.19],
we have e D 1: From eG  T’  G; one deduces that T’ D G or T’ D eG:
Suppose eG has a p-block bB of defect 0. Then there exists a unique irre-
ducible ordinary character  in IrrbB such that p2 |1: Since p2¦G;
we have 1¦G and  |G is reducible. By the Clifford theorem, from
(2) one deduces that T’ D G: Thus, 1 D
P
x2eG=G ’x1 D p  ’1;
p |’1; and ’ belongs to some p-block B of G of defect 0. From
T’ D G 6D eG and Lemma 5, we know B is not fixed by :
Conversely, suppose G has a p-block B of defect 0 and B is not fixed
by : Let ’ be the unique irreducible ordinary character of G belonging
to B: By Lemma 5,  =2 T’; and hence T’ D G: Let  2 IrreG such that ’
is an irreducible constituent of  |G: From (2), 1 D p  ’1; p2 |1:
So eG has a p-block of defect 0 by Lemma 1.
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Lemma 7. Let G, P , N , ; and eG be as in Lemma 5. Then eG has a
p-block of defect 0 if and only if mN < mG:
Proof. Let Bl0G be the number of p-blocks of G of defect 0, and
FixBl0G the number of p-blocks of G which are of defect 0 and fixed
by : By the Brauer permutation lemma (see [8, Chap. 3, 5.12]),
FixIrrG D FixClG; FixIrrN D FixClN: (3)
Suppose B1; : : : ; Bs are all p-blocks of G with defect group P: By the
first main theorem in the block theory, there exist fB1; : : : ; eBs; which are all
p-blocks of N with defect group P; such that eBiG D Bi, i D 1; : : : ; s: Note
that for any p-block of G of defect 0 there exists a unique irreducible or-
dinary character belonging to it, and N has only p-blocks of defect 1; i.e.,
N has no p-block of defect 0 since OpN D P 6D 1: Therefore,
FixClN by 3D FixIrrN D
sX
iD1
FixeBi by Lemma 5D sX
iD1
FixBi
D FixIrrG − FixBl0G
by 3D FixClG − FixBl0G;
and hence
FixBl0G D FixClG − FixClN: (4)
On the other hand,
Bl0G D
IrrG− sX
iD1
IrrBi
D IrrG− sX
iD1
IrreBi D IrrG− IrrN;
so
Bl0G D
ClG− ClN: (5)
By Lemma 6, eG has a p-block of defect 0 if and only if Bl0G > FixBl0G:
The lemma follows from (4) and (5).
Theorem 4. Let p and G be as in case VI.
(a) If Sylow p-subgroups of G are cyclic, then G has a p-block of
defect 0 if and only if OpG D 1.
(b) If a Sylow p-subgroup of G is elementary abelian, then for the nor-
mal series G  G4  G3 in Theorem 3 there exist  2 G4 and P 2 SylpG3
such that  D P D p;   P 2 SylpG; and G4 D hG3: Let
N D NG3P: Then G has a p-block of defect 0 if and only if mN < mG3:
Proof. The first conclusion is from [14]. By Lemma 2, G has a p-block
of defect 0 if and only if G4 has a p-block of defect 0, and by Lemma 7
the second conclusion holds.
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